Abstract. We discuss the problem of separation under conjugacy and malnormality of the abelian peripheral subgroups of an orientable, irreducible 3-manifold X. We shall focus on the relation between this problem and the existence of acylindrical splittings of π 1 (X) as an amalgamated product or HNN-extension along the abelian subgroups corresponding to the JSJ-tori, providing new proofs of results in [WZ10] and [dlHW14b].
Introduction
A classical result proved in the late seventies by Jaco-Shalen and independently by Johannson (see [JS79] , [Joh79] ) says that an orientable, irreducible 3-manifold X with (possibly empty) boundary can be splitted along a minimal collection of embedded, incompressible 1 tori which are not boundary parallel 2 and which decompose the manifold X into connected components which are either atoroidal (i.e. any embedded, incompressible torus is boundary parallel) or Seifert fibered (a well understood class of 3-manifolds, see subsection §2.1). Such a collection is unique up to isotopy, and is called the collection of the JSJ-tori of X. The decomposition along this collection of tori is called JSJ-decomposition and the connected components obtained via the previous procedure are the JSJ-components of X. The set of atoroidal irreducible 3-manifolds and the set of Seifert fibered 3-manifolds have a non empty intersection: actually, atoroidal, Seifert fibered 3-manifolds are classified (see [JS79] , §IV.2.5 and §IV.2.6). By Thurston's Hyperbolization Theorem and by the work of Perelman, the interior of an atoroidal, non-Seifert fibered, irreducible 3-manifold can be endowed with a complete hyperbolic metric which has finite volume if and only if one of the following holds: either the manifold is closed or all of its boundary components are homeomorphic to tori. We shall refer to the atoroidal, non-Seifert fibered, irreducible 3-manifolds as to the manifolds of hyperbolic type. We refer to subsection §2.2 for further details and references.
We are interested in the study of the peripheral subgroups corresponding to the boundary tori of an orientable, irreducible 3-manifold X, i.e. the abelian peripheral subgroups of π 1 (X). The peripheral subgroups of the fundamental group of a given
The author wish to thank the Max-Planck-Institut für Mathematik for the financial support and the excellent working conditions. 1 We say that a compact surface S properly embedded in a compact 3-manifold X is incompressible if for any embedded disk D such that ∂D ⊂ S, there exists an embedded disk D ′ ⊂ S such that ∂D ′ = ∂D.
2 A properly embedded compact submanifold Y of a compact manifold X is said to be boundary parallel if it can be isotoped into ∂X by an isotopy fixing ∂Y ⊂ ∂X. compact 3-manifold X are the subgroups of π 1 (X) which are images via the natural inclusions 3 of the fundamental groups of the connected components of ∂X. In particular we shall focus on the following question: how do the abelian peripheral subgroups of π 1 (X) behave under conjugacy in π 1 (X)?
In [dlHW14b] de la Harpe and Weber proved the following:
Theorem ( [dlHW14b] , Theorem 3). Let X be an orientable, irreducible 3-manifold X and let T ⊂ ∂X be a boundary torus. The peripheral subgroup π 1 (T ) is malnormal 4 in π 1 (X) if and only if T bounds a JSJ-component of hyperbolic type.
The malnormality of a suitable family of subgroups may have interesting consequences. As an example, the previous result can be used to characterize those 3-manifold groups which are CA or CSA 5 (see Corollary 2.5.11 in [AFW15] ).
Given an orientable, irreducible 3-manifold X, we shall focus instead on the boundary tori of X lying into Seifert fibered JSJ-components of X. The next result, together with Theorem 3 in [dlHW14b] , gives a picture of the cases that can occur (except for D 2 × S 1 , T 2 × I, K ×I -the twisted interval bundle over the Klein bottle -where the answer is trivial): Theorem 1.1. Let X be an orientable, irreducible 3-manifold with non-empty boundary and assume that X is not homeomorphic to D 2 × S 1 , T 2 × I, K ×I. Let T ∂ (k1,i1) , T ∂ (k2,i2) denote two (possibly equal) boundary tori of X contained into two (possibly equal) Seifert fibered JSJ-components X k1 , X k2 of X.
(i) Assume that (k1, i1) = (k2, i2) = (k, i) and let g ∈ π1(X) π1(T ∂ (k,i) ). Then
if and only if g ∈ π1(X k ). In this case gπ1(T ∂ (k,i) )g −1 ∩ π1(T ∂ (k,i) ) = f k , where f k is a regular fiber of π1(X k ).
(ii) Assume that (k1, i1) = (k2, i2), and let g ∈ π1(X). Then
if and only if k1 = k2 = k, and g ∈ π1(X k ). In this case we have
where f k is a regular fiber of π1(X k ). By a regular fiber of π 1 (X k ) we mean an element representing the homotopy class of the regular fiber of a Seifert fibration on X k . It turns out (see Remark 2.6) that, in restriction to the cases which can appear in Theorem 1.1, the elements representing the homotopy classes of the regular fibers of the different Seifert fibrations of X k coincide (up to take inverses). This provides a univoquely determined regular fiber of π 1 (X k ), which depends only on X k . Remark 1.2. Theorem 1.1 and Theorem 3 in [dlHW14b] will appear as consequences of Proposition 3.6 in this paper, where we study the intersection of the leaves stabilizers of the Bass-Serre tree of a suitable graph of groups associated to the manifold X (see section §3).
3 Notice that the peripheral subgroups are defined up to the choice of basepoints x 0 in X, x i in ∂ i X and of a path connecting x 0 to x i .
4 A subgroup H < G is said to be malnormal in G if gHg −1 ∩ H = {1} for any g ∈ G H. 5 A CA group is a group G such that for each element g ∈ G the centralizer C(g) is abelian; a CSA group is a group whose maximal abelian subgroups are malnormal.
Remark 1.3. Notice that the 3-manifolds excluded by the previous statements are precisely the only three orientable, Seifert fibered 3-manifolds with non-empty boundary having virtually abelian fundamental group.
We shall use Theorem 1.1 to give a proof of the existence of a particular class of splittings of the fundamental group of an orientable, irreducible 3-manifold X. In order to state the result we shall briefly recall some facts about k-step malnormal amalgamated products, k-step malnormal HNN-extensions and k-acylindrical splittings.
In 1971 Karrass-Solitar (see [KS71] ) introduced the notion of k-step malnormal amalgamated product. Roughly speaking, a k-step malnormal amalgamated product A * C B is an amalgamated product where the amalgam C is malnormal with respect to the elements having syllable length greater or equal to k + 1. In analogy we can define a k-step malnormal HNN-extension as a HNN-extension A * ϕ , with respect to an isomorphism of subgroups ϕ : C −1 → C 1 , such that the associated subgroups, C ±1 , are malnormal and conjugately separated in A * ϕ with respect to the set of elements having a reduced form containing at least k + 1 times the stable letter t to the power ±1 (see subsection §4.1.1 for a precise definition). These notions have a natural generalization in the context of Bass-Serre theory: the notion of k-acylindrical splitting introduced by Sela in [Sel97] . We recall that a finitely generated group G admits a k-acylindrical splitting if there exists a graph of groups (G , Γ) such that G = π 1 (G , Γ) and the action of G on the corresponding Bass-Serre tree T (G ,Γ) is k-acylindrical, i.e. the diameter of the fixed points set of any element of G is smaller or equal to k. It turns out that a splitting of G as a k-step malnormal amalgamated product gives a (k + 1)-acylindrical splitting and a splitting of G as a k-step malnormal HNN-extension is a k-acylindrical splitting. Conversely, a k-acylindrical splitting whose underlying graph has only one edge with two distinct vertices corresponds to a splitting as a (k − 1)-step malnormal amalgamated product and a k-acylindrical splitting having a loop as underlying graph corresponds to a k-step malnormal HNN-extension. We shall explain this correspondence in subsection §4.1.2.
The existence of acylindrical splittings for the fundamental groups of closed, orientable, irreducible 3-manifolds with non-trivial JSJ-decomposition, which are not Sol-manifolds, has been proved by Wilton-Zalesskii (see [WZ10] , section §2). The main ingredients of their proof are explained in full detail in section §2, and their approach inspired the proof of Proposition 3.6. We shall work with compact 3-manifolds with boundary, but no claim of originality is made as Wilton-Zalesskii's argument extends to this case without effort. Given an orientable, irreducible 3-manifold X we shall look to "more elementary" splittings of π 1 (X) than the one considered in [WZ10] . Namely, given the collection {T i } of the JSJ-tori of X, for each i we shall study the splitting of π 1 (X) along the subgroup π 1 (T i ) as an amalgamated product or HNN-extension, rather than the splitting provided by the whole collection. This gives acylindrical splittings of π 1 (X) as an amalgamated product or HNN-extension, whose constant k is often smaller than the one of the JSJ-splittinng. The interest in finding acylindrical splittings comes for instance from Riemannian geometry and geometric group theory: we refer to [CS17a] and [CS17b] where acylindrical splittings are exploited to prove some finiteness results for various classes of Riemannian manifolds and groups, and to [CS17c] where a systolic estimate and some topogical rigidity results are proven for non-geometric 3-manifolds. As we shall consider splittings of π 1 (X) as an amalgamated product or HNN-extension, we prefer to speak of malnormal splittings, since this does not require any reference to Bass-Serre theory. Proposition 1.4 (Malnormal splittings). Let X be an orientable, irreducible 3-manifold having a non-trivial JSJ-decomposition and which is not finitely covered by a torus bundle over the circle. Let T be a JSJ-torus of X. We denote by T
±1
the boundary tori of X T obtained by cutting X along T , and by X k±1 the JSJcomponents of X adjacent to T . Let ϕ : π 1 (T −1 ) → π 1 (T +1 ) be the isomorphism given by the gluing.
(D1) Assume that T separates X. Let X k±1 be hyperbolic JSJ-components. Then π 1 (X) splits as a 0-step malnormal product. (D2) Assume that T separates X. Let X k−1 be a hyperbolic JSJ-component and X k+1 be a Seifert fibered JSJ-component. Then π 1 (X) splits as a 1-step malnormal product. (D3) Assume that T separates X. Let X k±1 be Seifert fibered JSJ-components not homeomorphic to K ×I. Then π 1 (X) splits as a 1-step malnormal product. (D4) Assume that T separates X. Let X k−1 be a Seifert fibered JSJ-component with hyperbolic base orbifold and X k+1 ≃ K ×I. Then π 1 (X) splits as 3-step malnormal product. (ND1) Assume that T does not separate X. Let X k±1 be two (possibly equal) hyperbolic JSJ-components. Then π 1 (X) splits as a 1-step malnormal HNNextension. (ND2) Assume that T does not separate X. If we are not in case (ND1) then π 1 (X) splits as a 2-step malnormal HNN-extension.
Remark 1.5. The assumption "not finitely covered by a torus bundle" is necessary to avoid the case of Sol-manifolds, which do not admit this kind of splittings (see [WZ10] , §2). Actually, as a byproduct of Theorem 3.2 and of Example 5.1 in [CS17c] , Sol-manifolds do not admit any kind of acylindrical splitting.
Remark 1.6. Proposition 1.4 is to compare with Lemma 2.2 and Lemma 2.4 in [WZ10] . Notice that it can be obtained from Wilton-Zalesskii's result by collapsing subgraphs of the JSJ-splitting as explained in [Kap01a] , Proposition 3.6. We shall provide a proof which does not make use of Bass-Serre theory. It is worth to say here that analogous results have been proved for some classes of high dimensional graph manifolds in [FLS15] .
In section §2 we introduce some background material. In particular, we shall survey topological results concerning Seifert fibered manifold, focusing on the properties of their fundamental groups.
Section §3 is devoted to the proof of Theorem 1.1. We shall give a simultaneous proof of Theorem 1.1 and of Theorem 3 in [dlHW14b] by looking at the BassSerre tree associated to a particular extension of the JSJ-splitting of the fundamental group (see Proposition 3.6). Key ingredients in the proof are three lemmata: Lemma 2.7 and Lemma 2.10 which describes the algebraic poperties of the abelian peripheral subgroups when X has an empty JSJ-decomposition, and Lemma 2.9 which provides a necessary and sufficient condition for a map between two boundary tori of Seifert fibered manifolds to give rise to a graph manifold.
In section §4 we first recall the aforementioned relation between k-step malnormal amalgamated product or HNN-extension and the notion of k-acylindrical splitting, and then we prove Proposition 1.4.
Aknowledgements. The author wish to thank Erika Pieroni for reading the draft of this paper and for useful comments and discussions.
Basic facts about 3-manifolds and 3-manifold groups
This section is devoted to survey some classical facts of 3-manifold geometry and topology regarding Seifert fibered manifolds, atoroidal manifolds and the JSJdecomposition. We are mainly interested in their consequences on the algebraic structure of 3-manifold groups. All the 3-manifolds considered in this section and in the rest of the paper are assumed to be orientable. General references for the results stated in this section are the following: [Sco83] , [FM97] , [Thu97] , [Hat00] , [Bon02] , [AFW15] (Chapters 1 and 2), [Mar16] .
2.1. Seifert fibered manifolds. We shall briefly review some topological result concerning Seifert fibered 3-manifolds.
2.1.1. Topological construction of Seifert fibrations and their π 1 . We recall that any Seifert fibration on a 3-manifold can be constructed as follows. Let Σ g,h be a surface of genus g ∈ Z, having h boundary components. Excise from Σ g,h a set of k ≥ 0 disks D = {D 1 , .., D k }. This gives rise to k new boundary components, represented by the loops c 1 ,.., c k . Let us consider (Σ g,h D)
× S 1 the (unique) orientable S 1 -bundle over Σ g,h D and let f denote the homotopy class of the fiber of the S 1 -bundle. Glue k copies of the solid torus D 2 × S 1 to the boundary tori of
× S 1 which project on the loops c i in the following way: choose a slope p i c i + q i f , with (p i , q i ) a pair of coprime integers with p i > 0, and send it in the meridian loop of the ith solid torus D 2 × S 1 . This procedure is known as Dehn filling along the curve p i c i + q i f . We shall denote S(g, h; (p 1 , q 1 ), .., (p k , q k )) the Seifert fibration obtained via the previous construction.
Let X be a Seifert fibered manifold and let S = S(g, h; (p 1 , q 1 ), ..., (p k , q k )) be a Seifert fibration on X. There is a presentation P(S) of π 1 (X) canonically associated to S which can be obtained from the topological construction using VanKampen's Theorem:
Classification of Seifert fibrations up to (oriented) isomorphisms. It is natural to ask when two Seifert fibrations S and S ′ are oriented isomorphic, i.e. when there exists an orientation preserving homeomorphism which sends fibers into fibers. It turns out that given S = S(g, h; (p 1 , q 1 ), ..., (p k , q k )) the following moves do not change its oriented isomorphism type (see [JN83] Theorem 1.5 or [Mar16] Proposition 10.3.11):
(4) permutations of the indices of the collection of pairs {(p i , q i )} .
Moreover, two Seifert fibrations are oriented isomorphic if and only if they are related via a finite sequence of these moves (see [Mar16] , Proposition 10.3.11).
Remark 2.1. The Seifert fibrations
are isomorphic via the homeomorphism which sends fibers into fibers with the opposite orientation, but they are not in general oriented isomorphic.
These moves allow to classify Seifert fibered manifolds up to (oriented) isomorphism, but before to give the precise statement we need to introduce a useful invariant: the Euler number of a Seifert fibration. It is a well known fact that the oriented S 1 -bundles over a closed surface Σ g can be realized as Seifert fibrations {S(g, 0; (1, q))} q∈Z (see for instance [Mon87] , Chapter 1). A classical result of algebraic topology says that oriented S 1 -bundles over closed surfaces are classified by their Euler number, i.e. the integral over the base surface of a suitable characteristic class, the Euler class. The Euler number can be seen as an obstruction for the S 1 -bundle to admit a global section. Given the S 1 -bundle S(g, 0; (1, q)), we know that, by construction, it has a section s in Σ g {x} where x is the projection of the central fiber of the fibered solid torus. It turns out that the Euler number coincides ( [BT82] , Theorem 11.16) with the local degree of s at x, i.e with q. Given a general Seifert fibration S = S(g, h; (p 1 , q 1 ), .., (p k , q k )), we define its Euler number as e(S) = 
, and, up to reordering the indices,
) with h > 0 be a Seifert fibration. A consequence of Proposition 2.2 is that either S ′ is isomorphic to S = S(g, h; (p 1 , q 1 ), ..., (p k , q k )) with 0 < q i < p i or S ′ is isomorphic to S = S(g, h; ), and the two possibilities are mutually exclusive. These Seifert fibrations are canonical in their isomorphism class. In fact, they are the unique enjoying these properties. Every Seifert fibered manifold with non-empty boundary admits a unique fibration up to isomorphism, except in the following cases:
• D 2 × S 1 , which admits the fibrations S = S(0, 1; (p, q)) for any pair of coprime integers (p, q); • K ×I, which admits two non-isomorphic Seifert fibrations:
Every closed Seifert fibered manifold X which is not covered by S 3 or S 2 ×S 1 admits a single Seifert fibration up to isomorphism, except for K ×S 1 which admits the nonisomorphic fibrations S 3 = S(0, 0; (2, 1), (2, 1), (2, −1), (2, −1)) and S 4 = S(−2, 0; ).
Seifert fibrations as S
1 -bundles over 2-dimensional orbifolds. There is a second way to look at (oriented) Seifert fibered manifolds: they can be seen as S 1 -bundles over 2-dimensional orbifolds having only conical singular points. We refer to the classical references [Sco83] and [Thu97] for an account on 2-dimensional orbifolds. It is worth to stress that this point of view is particularly helpful in order to show the existence of complete, locally homogeneous metrics on Seifert fibered
, we associate to S its base orbifold O S . The orbifold O S has as underlying topological space the surface of genus g and h boundary components, and k conical singular points of order p 1 ,.., p k . There is a natural extension of the usual Euler characteristic to 2-dimensional orbifolds, known as the orbifold characteristic (see [Sco83] or [Bon02] ), denoted χ orb . The orbifold characteristic allows in first instance to distinguish between the orbifolds admitting a manifold cover (good orbifolds) and those who do not admit such a cover (bad orbifolds). A complete list of bad 2-dimensional orbifolds can be found in [Sco83] . In particular, the bad 2-dimensional orbifolds which may appear as base orbifolds of Seifert fibered manifolds are either of type S 2 (p) (underlying surface S 2 and a single conical singular point of order p) or of type S 2 (p, q) (underlying surface S 2 and two conical singular point of order p and q with gcd(p, q) = 1). The Seifert fibered manifolds which fibers over bad 2-dimensional orbifolds belong to a specific and well understood class of quotients of the 3-sphere: the class of lens spaces (see [JN83] , section I.4) which in particular have fundamental groups isomorphic to finite cyclic groups. Secondly, good orbifolds carry geometric structures and the orbifold characteristic detects which kind of geometry a good orbifold carries: namely, good orbifolds are divided into elliptic, Euclidean and hyperbolic orbifolds depending whether χ orb > 0, χ orb = 0 or χ orb < 0 (see [Thu97] , Theorem 13.3.6).
Our focus is on Seifert fibered manifolds with non-empty boundary, which clearly fibers over 2-orbifolds with boundary. The set of 2-orbifolds with boundary consists of the collection of disks having a unique singular point, three Euclidean orbifolds and hyperbolic orbifolds. The Euclidean orbifolds are: D 2 (2, 2), the disk with two singular points of order 2, M b, the Möbius strip, and C, the cylinder. Notice that there are only two Seifert fibered manifolds fibering over these orbifolds: K ×I, fibering over D 2 (2, 2) or over M b, and T 2 × I, fibering over C. Finally, there is a unique Seifert fibered manifold fibering over the collection of disks with a unique singular point: the solid torus
, all Seifert fibered 3-manifolds with boundary are fibered over hyperbolic base orbifolds.
2.1.5. The short exact sequence. The description of Seifert fibered manifolds as S 1 -bundles over 2-dimensional orbifolds provides a short exact sequence (see [Sco83] ):
is the orbifold fundamental group (for the definition see for instance [BMP03] , Chapter 2) and the surjective morphism corresponds to the quotient by the normal subgroup of the fiber of S. We thus obtain the following presentations for the orbifold fundamental groups:
depending on the sign of g, i.e. depending on the orientability of the topological space underlying the base orbifold. In the previous presentations is understood
is the surjective morphism of the exact sequence.
Lemma 2.5. If h > 0 and O S is a hyperbolic orbifold, then the collection of subgroups
Since O S is a compact 2-orbifold with non empty boundary we can express d h in terms of the other generators. We see that π
if the genus g of |O| is positive and π
if the genus g of |O S | is negative. Moreover, as the orbifold O S has negative orbifold Euler characteristic we see that the previous free products are always different from
is a collection of malnormal, conjugately separated infinite cyclic subgroups. In fact, they represent by definition h − 1 infinite cyclic free factors of the free product which determines π orb 1 (O S ), because gd i g −1 has syllable length greater than 1, unless g =d k i for some k ∈ Z. On the other hand, writing down the expression ford h in terms of the other generators we see that it is a primitive element of infinite order in a free product of cyclic groups, which can be represented as a cyclically reduced word of length strictly greater than one. It follows thatd h is not conjugate to any otherd i (because their cyclically reduced length is equal to 1). On the other hand, if
−2 =d h . Since the centralizer of a primitive element of cyclically reduced length greater than 1 in a free product is infinite cyclic, generated by the primitive element we see that g 2 =d k h . But in a free product of cyclic groups any element of infinite order possess a unique root, and sinced h is primitive we conclude that k = 2m and g =d m h , proving that d h is malnormal in π orb 1 (O S ). Remark 2.6 (The regular fiber). Let X be a Seifert fibered 3-manifold with nonempty boundary, not homeomorphic to T 2 × I and D 2 × S 1 . We recall (subsection §2.1.1) that any Seifert fibration of X determines a presentation of π 1 (X) and a maximal, infinite cyclic, normal subgroup: the subgroup corresponding to the homotopy class of the regular fibers of the Seifert fibration. From Proposition 2.4 we know that if X has non-empty boundary and it is not homeomorphic to T 2 × I, D 2 × I or K ×I, all Seifert fibrations are isomorphic. On the other hand, by the explicit description of the fundamental group of a Seifert fibered manifold and arguments similar to the ones used in Lemma 2.5 it is not difficult to check that π 1 (X) possesses a unique maximal, infinite cyclic normal subgroup. Hence, despite the fact that distinct Seifert fibrations of X in the same isomorphism class give rise to distinct presentations of π 1 (X), they all determine the same maximal, infinite cyclic, normal subgroup. In view of this fact we shall call the generatorunivoquely defined up to take inverses -of this unique maximal, infinite cyclic, normal subgroup the regular fiber of π 1 (X), since this element does no longer depend on the particular fibration. Similarly, if we look at K ×I there are only two isomorphism classes of Seifert fibrations, which are identified by the only two distinct maximal, infinite cyclic, normal subgroups in π 1 (K ×I) = a, f | af a −1 = f −1 , namely the subgroups a 2 and f . We shall call a 2 and f the regular fibers of K ×I.
The next lemma states that the peripheral subgroups
Lemma 2.7. Let X be a Seifert fibered manifold with non-empty boundary which fibers over a hyperbolic base orbifold and let f ∈ π 1 (X) be the regular fiber.
(
The previous lemma is implicit in Wilton-Zalesskii's proof of the existence of acylindrical splittings for irreducible 3-manifold groups ( [WZ10] , section §2) and will play an important role in the proof of Theorem 1.1. It can be proved via combinatorial group theory arguments using Lemma 2.5 and the short exact sequence.
2.1.6. Further remarks about π 1 (K ×I). We conclude this section on Seifert fibered manifolds resuming in the next lemma few straightforward facts about the peripheral subgroups and the regular fibers of π 1 (K ×I).
2.2. The JSJ-decomposition Theorem. One of the cornerstones of 3-manifolds theory is the existence of a decomposition for compact, irreducible 3-manifolds along embedded, non boundary parallel, incompressible tori (
JSJ-decomposition Theorem. Let X be a compact, irreducible 3-manifold. In the interior of X, there exists a family C = {T 1 , ..., T r } of disjoint tori that are incompressible and not boundary parallel, with the following properties:
(i) each connected component of X C is either a Seifert manifold or is atoroidal; (ii) the family C is minimal among those satisfying (i).
Moreover, such a family C is unique up to ambient isotopy.
Following Thurston [Thu82] , we say that an irreducible 3-manifold X is homotopically atoroidal if every π 1 -injective map from the torus to the irreducible manifold is homotopic to a map into the boundary. Being homotopically atoroidal is a stronger property than being atoroidal, where we consider embeddings instead of π 1 -injective maps. Nevertheless, the two notions agree except for some Seifert fibered manifolds. In fact, the atoroidal, Seifert fibered manifolds are the 3-manifolds which admit one of the Seifert fibrations from the list IV.2.5 in [JS79] (see [JS79] Lemma IV.2.6). Among the manifold in the list only a few of them are homotopically atoroidal. To our purposes it is sufficient to say that the list of compact, homotopically atoroidal, Seifert fibered manifold with non-empty boundary is reduced to the following list A complete proof of Thurston's Hyperbolization Theorem can be found in [Ota96] , [Ota98] and [Kap01b] . Since compact, irreducible 3-manifolds with non-empty boundary and not homeomorphic to D 2 × S 1 are Haken manifolds, Thurston's result implies that such a 3-manifold admits a complete hyperbolic metric if and only if is homotopically atoroidal and not homeomorphic to K ×I. Moreover, if the 3-manifold has only toroidal boundary and in addition is not homeomorphic to T 2 × I, the complete hyperbolic metric has finite volume. Thanks to the work of Perelman ([Per02] , [Per03b] , [Per03a] ) we are allowed to replace the assumption "Haken" with the assumption "with infinite fundamental group". Coherently with the picture provided by the Hyperbolization Theorem it is customary to call manifolds of hyperbolic type the homotopically atoroidal, irreducible 3-manifolds (possibly with non empty boundary) not homeomorphic to
Assume that X = T 2 × I, D 2 × S 1 and ∂X = ∅. Then T 2 × I, D 2 × S 1 cannot appear as a JSJ-component: the first by minimality of the collection C; the second because a JSJ-torus bounding D 2 × S 1 would not be incompressible. Hence if X k is a JSJ-component of X one of the following mutually exclusive conditions holds:
• X k is of hyperbolic type; • X k is Seifert fibered with hyperbolic base orbifold; • X k is homeomorphic to K ×I. 6 In order to check which closed Seifert fibered manifold among the atoroidal are homotopically atoroidal a way to proceed is to compute the fundamental groups and consider the ones which do not admit a subgroup isomorphic to Z 2 . 7 We recall that an Haken 3-manifold is an irreducible 3-manifolds which contains a properly embedded, 2-sided, incompressible surface.
The next lemma is well known (see for example [AFW15] , Lemma 1.5.3) and it gives a necessary and sufficient condition for the gluing of two Seifert fibered 3-manifolds not to be Seifert fibered. (i) the manifold Z is not Seifert fibered;
(ii) for any choice of regular fibers f X in π 1 (X) and f Y in π 1 (Y ) the following condition holds:
Finally we record a result concerning the abelian peripheral subgroups of manifolds of hyperbolic type. In analogy with the case of hyperbolic 2-orbifolds with boundary (Lemma 2.5), the collection of the abelian peripheral subgroups of an irreducible 3-manifold of hyperbolic type are malnormal and conjugately separated:
Lemma 2.10. Let X be an irreducible 3-manifold of hyperbolic type with non-empty boundary and let
be toroidal boundary components in ∂X.
A reference for the previous result is [dlHW14a] , §3, Example 6.
Abelian peripheral subgroups of irreducible 3-manifolds
Throughout this section X will be an irreducible 3-manifold with non-empty boundary, not homeomorphic to K ×I,
be the set of the boundary tori of X which belong to the JSJ-component X k (possibly m k = 0, if the previous collection is empty) and {T
(k 1 ≤ k 2 , possibly n (k1,k2) = 0) be the collection of the JSJ-tori which bound both the JSJ-components X k1 , X k2 . We shall also assume to have fixed:
• a basepoint x 0 in X, basepoints x k in the interior of each JSJ-component X k , and paths from x 0 to the basepoints x k ; • a basepoint for each boundary torus of the JSJ-component X k and paths connecting them to the chosen basepoint x k ∈ X k . With this proviso the fundamental groups of the tori T
are naturally identified with suitable subgroups of π 1 (X k ), and the fundamental groups of the JSJ-components are naturally identified with subgroups of π 1 (X).
3.1. The peripheral extension of the JSJ-splitting. We shall first recall the definition of the JSJ-splitting of the fundamental group of the irreducible 3-manifold X. For the general theory of graph or groups we refer to [Bas76] , [Ser77] , [Ser80] .
Definition 3.1 (JSJ-splitting). We define the JSJ-splitting of π 1 (X) as the graph of groups (G X , Γ X ) of π 1 (X) (with the assignement of an orientation for the edges) defined in the following way:
• Γ X is the graph defined by the vertices V(ΓX ) = {v k } N k=1 , and the edges
., N and j = 1, .., n (k 1 ,k 2 ) where e j (k1,k2) = e j (k1,k2) and where s(e j (k1,k2) ) = v k1 , t(e j (k1,k2) ) = v k2 (given an oriented edge e we define by s(e) and t(e) respectively the source and the target of the edge e). We choose the following orientation of (Γ X , G X ): E + (Γ X ) = {e j (k1,k2) | k 1 ≤ k 2 and j = 1, .., n (k1,k2) }.
• The collection of subgroups G X is given by
and the monomorphisms
are such that the composition ψ (k1,k2;j) = ϕ (k1,k2;j) •ϕ −1 (k1,k2;j) coincides with the isomorphism induced by the gluing map between the two boundary tori of the JSJ-components X k1 , X k2 giving rise to the JSJ-torus T j (k1,k2) .
We shall now define the announced extension of the graph of groups (G X , Γ X ):
Definition 3.2 (Peripheral extension of the JSJ-splitting). We shall denote by ( G X , Γ X ) the peripheral extension of the JSJ-splitting of X, i.e. the graph of groups defined as follows:
• Γ X is the graph given by the vertices • The collection of subgroups G X is the union:
Given T X ⊆ Γ X a maximal subtree of Γ X we recall that is well defined the fundamental group π 1 ( G X , Γ X , T X ) of the graph of groups ( G X , Γ X ) at T X (see [Bas76] , [Ser77] and [Ser80] section §I.5), which is the group generated by the vertex groups in G X , with their own relations, together with a set of elements {g e } e∈E( ΓX ) verifying the following relations:
−1 e
= h e for each h ∈ G e ; g
= g e ; g e = 1 if e ∈ E( T X )
where we denote by h e the image of h ∈ G e into G t(e) . It turns out ( [Ser80] ) that the isomorphism class of π 1 ( G X , Γ X , T X ) does not depend from the choice of a maximal tree in Γ X , hence we are allowed to speak of fundamental group of ( G X , Γ X ), which in this case (by construction) coincides with the fundamental group of the irreducible 3-manifold X.
The Bass-Serre tree of the peripheral extension of the JSJ-splitting. We shall now describe the Bass-Serre tree of the peripheral extension of the JSJ-splitting. The tree can be constructed from the data ( G X , Γ X , T X ). In the sequel we implicitely assume to have fixed the isomorphism π 1 (X) ∼ = π 1 ( G X , Γ X ), so that we shall identify G v k with π 1 (X k ) and G e ∂ (k,i)
with π 1 (T ∂ (k,i) ). The Bass-Serre tree T X (where we omitted the dependence on ( G X , Γ X , T X )) is defined as follows:
• E(T X ) = e∈E( ΓX ) π 1 (X)/G w w where w = |e| and G w w denotes the subgroup of G t(w) corresponding to w. We callṽ the coset in π 1 (X)/G v containing 1 andẽ the coset containing 1 in π 1 (X)/G w w (among the cosets associated to e). We have to define source, target and inverse of each edge. Let χ be the characteristic function of E + ( Γ X ). Then we define: s(gẽ) = gg χ(e)−1 e s(e) ; t(gẽ) = gg χ(e) e t(e) ; gẽ = gẽ .
Remark 3.3. By construction, the tree T X verifies the following:
(1) the vertices
are the (only) leaves of the Bass-Serre tree T X ;
The group π 1 (X) acts on the vertices and the edges of T X by left multiplication (as they are left cosets of subgroups of π 1 (X)). This action turns out to be an action by automorphisms (without edge inversions) of T X . By definition of T X and of the action of π 1 (X) on T X the stabilizer of the vertex gG v ∈ V(T X ) is the subgroup Stab π1(X) (g G v ) = gG v g −1 . The same holds for the stabilizers of the edges.
Glossary. We shall distinguish four families of vertices in T X :
• peripheral vertices, i.e. h G v ∂ k,i ; • hyperbolic vertices, i.e. h G v k with X k a JSJ-component of hyperbolic type; • Seifert fibered vertices, i.e. h G v k with X k a JSJ-component which is Seifert fibered with hyperbolic base orbifold; • vertices of type K ×I, i.e. h G v k with X k ≃ K ×I.
The intersection of the leaves stabilizers.
We use the notation introduced in the previous section. Before stating and proving Proposition 3.6 we need to establish two easy facts.
Lemma 3.4. Let g ∈ Stab π1(X) (hG v k ), and assume that v k is a hyperbolic vertex. Then g can stabilize at most a single oriented edge having hG v k as source.
Proof. Up to act on T X by left multiplication with h −1 , we may assume that h = 1. By construction of T X the (oriented) edges having G v k = π 1 (X k ) as source are either of type bG e j (k,ℓ)
or bG e ∂ (k,i)
, where b ∈ π 1 (X k ), which correspond to the left cosets in π 1 (X k ) of the peripheral subgroups corresponding to the boundary tori T 
} and the conclusion follows applying Lemma 2.10 and conjugating by h.
Lemma 3.5. Any geodesic path connecting two leaves of T X and containing a vertex hG v k of type K ×I has length greater or equal to 4. Moreover, a vertex of type K ×I is source of precisely two oriented edges, whose targets are two distinct left cosets associated to the JSJ-component adjacent to X k .
Proof. A vertex of type K ×I cannot be adjacent to a leaf of T X , because no boundary component of X belong to a JSJ-component homeomorphic to K ×I. This is sufficient to show that a geodesic path connecting two leaves of T X and containing a vertex of type K ×I must have at least 5 vertices, and thus must have length greater or equal to 4. For what concerns the second claim observe first that the edge in ( Γ X , G X ) connecting X k to the adjacent JSJ-component, say X j , is always contained in any maximal tree T X . On the other hand, by Lemma 2.8 the peripheral subgroup π 1 (∂X k ) has index two in π 1 (X k ) and that the two left cosets of π 1 (∂X k ) in π 1 (X k ), using the notation of Lemma 2.8, are π 1 (∂X k ) and a π 1 (∂X k ). Combining the previous informations we deduce that we have precisely two oriented edges starting from h π 1 (
-whose targets are h G vj and ha G vj respectively.
We are now ready to prove: Proposition 3.6 (Intersection of leaves stabilizers). Let X be an irreducible 3-manifold with non-empty boundary, not homeomorphic to
if and only if the following conditions hold:
(j = 1, 2) the previous intersection coincides with the infinite cyclic subgroup h f k h −1 , where f k is the regular fiber of
Proof. We may assume that the JSJ-decomposition of X is non-trivial, otherwise the result follows trivially from the description of the Bass-Serre tree, Lemma 2.7 and Lemma 2.10. Let g ∈ π 1 (X) be a non-trivial element and assume that
Since the fixed point set of an element of a group acting on a tree is a connected subtree, we deduce that Fix TX (g) contains the geodesic segment γ :
. Here we have chosen the simplicial distance on T X -where the edges of T X are all isometric to [0, 1] ⊂ Rso that γ(i) is a vertex of T X for each integer i = 0, ..., M . By construction of T X the path between two distinct leaves necessarily has length greater or equal to 2, hence M ≥ 2. We recall that the vertices hG v ∂ (k,i)
are leaves of the Bass-Serre tree T X . It follows that the vertices contained into γ((0, M )) are necessarily of type hG v k for a suitable h ∈ π 1 (X), because a geodesic segment cannot contain backtrackings. We know that the interior of the path γ does contain neither hyperbolic vertices (by Lemma 3.4), nor peripheral vertices. Now we shall prove that the length of the geodesic γ is necessarily equal to 2. ((0, M ) ). We know that the vertices γ(i), i ∈ {1, .., M − 1} are either Seifert fibered vertices or vertices of type K ×I. Consider γ(1) = g 1 G v k 1 . By Lemma 3.5 we know that this vertex is a Seifert fibered vertex. Since g stabilizes γ, it should stabilize two distinct (oriented) edges having γ(1) as source and γ(0), γ(2) as target. By Lemma 2.7 we know that in this case g ∈ g 1 f k1 g
where f k1 is the regular fiber of π 1 (X k1 ). We deduce that either γ(2) is a peripheral vertex or by Lemma 2.9
, for any choice of a regular fiber f k2 in π 1 (X k2 ). Our aim is to show that γ(2) is a peripheral vertex. Thus we need to prove that γ(2) is neither a Seifert fibered vertex nor a vertex of type K ×I.
Assume first that γ(2) is a Seifert fibered vertex. Since g ∈ g 2 f k2 g −1 2 it follows from Lemma 2.7 that g does not stabilize edges other than the one connecting
In particular g would not stabilize any geodesic path of length greater or equal to 3. Since we are assuming the length of the geodesic path greater or equal to 3, we need to exclude that γ(2) is a Seifert fibered vertex. Now consider the case where γ(2) is a vertex of type K ×I. By Lemma 3.5 in this case M ≥ 4 and there are only two oriented edges starting from g 2 G v k 2 , which are those linking γ(2) to the vertices γ(1) = g 1 G v k 1 and γ(3) = g 3 G v k 3 = g 3 G v k 1 and from Lemma 3.5 we deduce that
2 , where we have to choose ε ∈ {±1} depending on the orientation of the edge. By Lemma 2.9 we know that ψ ε (k1,k2;1) (f k1 ) ∈ a 2 ∪ f . We can write g as:
Since ψ ε (k1,k2;1) (f k1 ) ∈ a 2 ∪ f , it follows from Lemma 2.8 that
Thus, looking at g as an element of Stab π1(X) (
. From the previous discussion it follows that g ∈ (g 2 a) f k1 (g 2 a) −1 and hence g ∈ g 3 f k1 g −1 3
(as g −1 3 g 2 a ∈ G v k 1 and f k1 is normal in G v k 1 ). Using Lemma 2.7 we conclude that g does not stabilize the edges starting from γ(3) except for the one connecting γ(3) to γ(2). But this is a contradiction, since by Lemma 3.5 g should stabilize a segment γ of length greater or equal to 4.
Since γ(2) is neither a hyperbolic vertex, nor a Seifert fibered vertex, nor a vertex of type K ×I we conclude that γ(2) is a peripheral vertex, i.e. M = 2 and
End of the Proof of Proposition 3.6. By Lemma 3.7, we know that if
has length equal to 2. This means that both the leaves are adjacent to a single vertex hG v k , which is necessarily a Seifert fibered vertex by Lemma 3.4 and Lemma 3.5. By construction of T X we deduce that k 1 = k 2 = k, and h −1 h i ∈ G v k for i = 1, 2, and thus h
Now assume that i 1 = i 2 . The stabilizers of the leaves are precisely
Conjugating both subgroups by h 1 , the problem is reduced to find the intersection of the subgroups π 1 (T ∂ (k,i1) ) and (h
It follows from Lemma 2.7 that this intersection is equal to the subgroup f k . The same conclusion holds (again in view of Lemma 2.7) if i = i 1 = i 2 and h
. Theorem 1.1 (i) is equivalent to Proposition 3.6 case (k, i) = (k 1 , i 1 ) = (k 2 , i 2 ) and h i) ), whereas Theorem 1.1 (ii) corresponds to Proposition 3.6 case (k 1 , i 1 ) = (k 2 , i 2 ). Proposition 3.6 (ii) is precisely the content of [dlHW14b] Theorem 3. Finally, we observe that Proposition 3.6 implies that abelian peripheral subgroups corresponding to the boundary tori which belong to distinct JSJ-components are conjugately separated.
4. Malnormal splittings of 3-manifold groups 4.1. Malnormal amalgamated products and HNN-extensions.
4.1.1. Definitions. In this section we shall first recall the definition of k-step malnormal amalgamated product (see [KS71] ) and we shall give the natural analogous, the notion of k-step malnormal HNN-extension. We shall recall their relation with the notion of k-acylindrical splitting ( [Sel97] ) in the setting of Bass-Serre theory. For a general introduction to combinatorial group theory we refer to the textbooks [LS77] , [MKS04] ; see also section §1 in [SW79] .
Let G be a group. Let H < G be a subgroup of G. We recall that H is malnormal in
Definition 4.1 (Extended normalizer). Let H be a subgroup of a discrete group G and let h ∈ H. The extended normalizer E
In [KS71] Karrass and Solitar introduced the notion of k-step malnormal amalgamated product (or, for short, k-step malnormal product) combining the notion of malnormality of a subgroup and the existence of a normal form for the elements of an amalgamated product (and thus of a notion of "length"). Let us denote the syllable length of the element g by | g |. If K is a subset of G we shall denote
We shall say that G is a k-step malnormal product. It is easily seen that G is a 0-step malnormal product if and only if C is malnormal in both A and B.
The HNN-extension of a group A via an isomorphism ϕ : C −1 → C 1 between two of its subgroups, C −1 , C 1 , is defined as the group having the following presentation:
where rel(A) are the relations of the group A. We remark that any element g in G ∼ = A * ϕ can be written as: g = w 0 t ε1 w 1 t ε2 · · · t εn w n where ε i = ±1 and w i ∈ A.
Britton's Lemma. Let G ∼ = A * ϕ and let G ∋ g = w 0 t ε1 w 1 · · · t εn w n , as before. If g = 1 one of the two following conditions holds:
(i) n = 0 and w 0 = 1 ; (ii) g contains either tw i t −1 with w i ∈ C −1 or t −1 w i t with w i ∈ C 1 . For future reference we shall say that such a form has pinches. We shall say that g = w 0 t ε1 w 1 t ε2 · · · t εn w n is a reduced form for g if it contains no pinches. A consequence of Britton's Lemma is that any element of G = A * ϕ has a reduced form. The number of occurrences of the stable letter t, raised to the power ±1 in a reduced form for g does not change if we change the reduced form. Hence we define the length of the element g as the number | g | of occurrences of the stable letter raised to the power ±1 in a reduced writing for g. 
4.1.2. Malnormality and acilindricity. Let G be the fundamental group of the graph of groups (G , Γ) defined as follows: the underlying graph has two vertices {v A , v B } and two (oriented) edges {e C , e C }, with e C = e C , s(e C ) = v A and t(e C ) = v B ; the collection of vertex groups is given by A ∼ = G vA , B ∼ = G vB and the edge group is C ∼ = G eC ∼ = G e C with monomorphisms given by ι A : C ֒→ A and ι B : C ֒→ B. Proof. Consider the Bass-Serre tree T (G ,Γ) associated to the graph of groups previously described and to the choice of {e C } as orientation (no choice of a maximal tree is needed in this case, since Γ is a tree). We are assuming here to have chosen the representative of the left coset hA (resp. hB) so that |ha| > |h| for any a ∈ A C (resp. |hb| > |h| for any b ∈ B C). By construction two vertices gA and hB are adjacent if and only if either there exists b ∈ B C such that g = hb or there exists a ∈ A C such that h = ga or g = h = 1. Consider the action of G ∼ = A * C B on T (G ,Γ) . The stabilizers of the vertices are given by Stab G (gA) ∼ = gAg −1 and Stab G (hB) ∼ = hBh −1 . Moreover the edge e between gA and hB is equal to e = δι A (C) where δ is the longest element between g and h. The stabilizer is Stab G (e) ∼ = δ ι A (C) δ −1 . Let g ∈ G be an element which stabilizes a set in T (G ,Γ) having diameter equal to k ′ ∈ N. Consider a geodesic of length k ′ between the two vertices v 1 , v 2 realizing the diameter of Fix T (G ,Γ) (g), the fixed point set of g. We shall assume that v 1 = h 1 A and v 2 = h 2 B (the other cases are similar). Since the element g stabilizes both v 1 and v 2 we have that g ∈ Stab G (v 1 ) ∩ Stab G (v 2 ). From the structure of T (G ,Γ) and the previous choice of a representative system for the left cosets of A and B, it is straightforward to check that k ′ is either equal to |h −1 1 h 2 | + 1 or to |h −1 1 h 2 | (depending whether the path which leads from 1 A to (h −1 1 h 2 ) B pass through the edge 1 C or no). Observe that
Assume that G ∼ = A * C B is a k-step malnormal product; the latter intersection is non-trivial only if k ′ − 1 ≤ |h 
Now let us consider an amalgamated product G = A * ϕ where ϕ : C −1 → C 1 is an isomorphism between two subgroups of A. We can construct the following graph of groups (G , Γ): consider a loop formed by a vertex v and one edge e and define G v = A and C = G e = Gē with isomorphisms G e → C −1 < A, Gē → C 1 < A.
Proposition 4.5. The splitting (G , Γ) is k-acylindrical if and only if π 1 (G , Γ) = A * ϕ is a k-step malnormal HNN-extension. Proof. As in the previous case we consider the Bass-Serre tree T (G ,Γ) associated to the graph of groups previously described and to the choice of {e C } as orientation (no choice of a maximal tree is needed in this case, since Γ is a tree). The set of vertices of this tree is given by the left cosets {g A}; we choose representatives of the left cosets so that their reduced form ends with the stable letter to the power ±1. The set of edges similarly is given by the left cosets {g C −1 }. Let g 1 , g 2 be two representative of left cosets of A and let |g 2 | > |g 1 | there exists an edge bewteen g 1 A and g 2 A if and only if there exists an a ∈ A such that either g 2 = g 1 at or g 2 = g 1 at −1 and in that case the corresponding edge will be respectively either g 1 aC 1 or g 1 aC −1 . Now, assume that A * ϕ is a k-step malnormal HNN-extension and take g ∈ G. Assume that g fixes a path between g 1 A and g 2 A. We assume that the length of this path is |g
2 ). By construction of the Bass-Serre tree this is possible if and only if g ∈ g 1 aC ε a
for suitable a, a ′ ∈ A, where ε, δ ∈ {±1} and should be chosen depending on the first and the last edge of the path. But this intersection is empty because the intersection C ε ∩(g
is empty by the k-step malnormality of the HNN-extension. Conversely, assume that the action of G on T (G ,Γ) is k-acylindrical, this means that if g 1 A, g 2 A are at distance greater than k then the respective stabilizers are disjoint. Since the following equality holds Stab
we see that the intersection on the right hand side is trivial, which implies that, whenever |g| > k then gC ε g −1 ∩ C ±1 = {1}, which proves that the HNN-extension is k-step malnormal.
Malnormal splittings.
This subsection is devoted to prove Proposition 1.4. Let us establish first the following preparatory Lemma: Lemma 4.6. Let X = T 2 × I be an irreducible 3-manifold and let {T ±1 } ⊆ ∂X be two distinct boundary tori. Let f : T −1 → T +1 be a gluing giving rise to a JSJ-torus for X ′ , the resulting irreducible 3-manifold, and by ϕ = f * : π 1 (T −1 ) → π 1 (T +1 ) the induced isomorphism. Then for any pair of elements
we have
Proof. We shall denote by X k±1 the JSJ-components of X which contain respectively T ±1 in their boundary (possibly k −1 = k +1 ). We point out that T −1 and T
+1
belong either to hyperbolic JSJ-components or to Seifert fibered JSJ-components with hyperbolic base orbifolds. We shall consider two different cases:
(1) at least one between X k±1 is a hyperbolic JSJ-component; (2) both X k±1 are Seifert fibered JSJ-components.
Case (1). Let us assume that T −1 is a boundary torus of a hyperbolic JSJcomponent. By [dlHW14b] (see also Proposition 3.6) we know that the abelian subgroups associated to the boundary tori of the hyperbolic JSJ-components are malnormal in the whole fundamental group, hence for g − ∈ π 1 (X) π 1 (T −1 ) we
, proving the first equality. To prove the second equality we remark that ϕ
) is a (possibly trivial) subgroup of π 1 (T −1 ). The latter subgroup is malnormal in π 1 (X), hence a fortiori
On the other hand, it follows from Proposition 3.6 that π 1 (T −1 ) is conjugately separated from π 1 (T +1 ). Hence:
which gives the desired equality.
Case (2). Now suppose that T −1 and T +1 belong to two Seifert fibered JSJcomponents (possibly the same JSJ-component). Let w ∈ π 1 (T −1 ), by assumption g − ∈ π 1 (X) π 1 (T −1 ) hence by Theorem 1.1 (i) we see that (g − ) w (g − ) −1 ∈ π 1 (T −1 ) if and only if g − ∈ π 1 (X k−1 ) and w ∈ f k−1 . If this is the case then (g − ) w (g − ) −1 = f ℓ k−1 for some ℓ ∈ Z. Thanks to Lemma 2.9 we have that ϕ( g − wg
) and thus:
The proof of the other equality is analogous to this one.
Proof of Proposition 1.4. Since we excluded X to be finitely covered by a torus bundle over the circle we observe that the different cases listed in the statement of Proposition 1.4 cover any possible scenario. We shall now do a case by case analysis.
Proof of (D1). By assumption X k−1 and X k+1 are hyperbolic JSJ-components. Let X ′ and X ′′ be the closures of the two connected components of X T . By [dlHW14b] , Theorem 3, π 1 (T −1 ) is malnormal in π 1 (X ′ ) and π 1 (T +1 ) is malnormal in π 1 (X ′′ ). An amalgamated product A * C B where C is malnormal both in A and B it is readily seen to be 0-step malnormal.
Proof of (D2). Assume that X k−1 is a hyperbolic JSJ-component. Let X ′ and X ′′ be the closures of the two connected components of X T . By [dlHW14b] Theorem 3, π 1 (T −1 ) is malnormal in π 1 (X ′ ). It is straightforward to check that an amalgamated product A amalgamated product.
Proof of (D3). By assumption X k−1 and X k+1 are both Seifert fibered manifolds with hyperbolic base orbifolds. Let X ′ and X ′′ be the closures of the two connected components of X T . Let g ∈ π 1 (X) be such that |g| ≥ 2 and consider a reduced form g = b 1 a 1 · · · b m a m (with b 1 , a m possibly equal to 1). Let c ∈ π 1 (T ) and take gcg
Notice that, by definition of syllable length, if |gcg −1 | > 0 then gcg −1 ∈ π 1 (T ). Assume that a m = 1 (the case a m = 1 is analogous). By Theorem 1.1 (i) either gcg −1 is reduced (and |gcg −1 | ≥ 3) or a m ∈ π 1 (X k−1 ) and c = f ℓ k−1 for a suitable ℓ ∈ Z. In this second case by Lemma 2.9 we know that ϕ(a m ca
) and hence we conclude that either gcg
In both cases gcg −1 ∈ π 1 (T ).
Proof of (D4). Without loss of generality we assume that
Let g ∈ π 1 (X) be such that |g| ≥ 4. We shall show that g c g −1 ∈ π 1 (T ) for any c ∈ π 1 (T ); as in the previous case observe that if |gcg m ) does not belong to f k−1 , and using Theorem 1.1 (i) we get
We conclude that |g c g −1 | ≥ 3 and thus g c g −1 ∈ π 1 (T ). Assume now a m = 1. Consider g c g
for some ℓ ∈ Z and a m−1 ∈ π 1 (X k−1 ). In the latter case
and by Lemma 2.9 we deduce that ϕ(f ±ℓ k−1 ) does not belong to one of the two infinite cyclic subgroups generated by the regular fibers of X ′′ ≃ K ×I. Using Lemma 2.8 we deduce that b m−1 ϕ(f or |gcg −1 | = 1 and gcg −1 ∈ π 1 (X ′ ) π 1 (T −1 ).
Proof of (ND1). Let X ′ be the closure of X T . Since T −1 and T +1 bound two hyperbolic JSJ-components (possibly the same JSJ-component) we know by Theorem 3 in [dlHW14b] (or by Proposition 3.6) that the subgroups π 1 (T −1 ) and π 1 (T +1 ) are malnormal in π 1 (X ′ ). Moreover, by Proposition 3.6 we know that they are conjugately separated in π 1 (X ′ ). Consider w ∈ π 1 (T −εs ) and any |g| ≥ 2 we have that |g w g −1 | ≥ 2. Let g = w 0 t ε1 · · · t εs w s be a reduced form. We shall distinguish between the case where ε s−1 = ε s and the case where ε s−1 = −ε s If ε s−1 = ε s it follows from the fact that π 1 (T ±1 ) are conjugately separated that |gwg −1 | ≥ 2. Assume that ε s−1 = −ε s . Since we have chosen a reduced form for g, we have w s−1 ∈ π 1 (X kε s ) π 1 (T εs ). By [dlHW14b] Theorem 3 (see also Proposition 3.6) we conclude that w s−1 t εs w t −εs w has length |gwg −1 | ≥ 2, hence gwg −1 ∈ π 1 (T ).
Proof of (ND2). As in the previous case let X ′ be the closure of X T . Let w ∈ π 1 (T ) and let g ∈ π 1 (X) be such that |g| ≥ 3. Consider a reduced form g = w 0 t ε1 w 1 · · · t εs w s . We conjugate w by g and we remark that the form (w 0 t ε1 · · · t εs )(w s w w s ∈ π 1 (T −εs ). If the previous form is reduced then gwg −1 ∈ π 1 (X) π 1 (T ). Otherwise, we need to distinguish several cases, depending whether ε s−2 and ε s−1 have the same or the opposite sign with respect to ε s .
If ε s−1 = −ε s and ε s−2 = ε s we observe that, since |g| ≥ 3 and the previous form is reduced, we have that w s−1 ∈ π 1 (T εs ) and w s−2 ∈ π 1 (T −εs ). Hence we can use Lemma 4.6 and conclude that gwg −1 ∈ π 1 (X) π 1 (T ). Let ε s−1 = ε s and ε s−2 = ε s . Assume that w s ww and we conclude that |gwg −1 | ≥ 2 and thus gwg −1 ∈ π 1 (T ). If ε s−1 = −ε s and ε s−2 = −ε s , we observe that w s−1 ∈ π 1 (T εs ), since we have chosen a reduced form for g. The form for gwg −1 is reduced unless w s ww −1 s ∈ π 1 (T −εs ). In this case, since w s−1 ∈ π 1 (T εs ) we know by Theorem 1.1 (i) that w s−1 t εs w s w w If X k−ε s is not Seifert fibered then it follows from Proposition 3.6 that π 1 (T ±1 ) are conjugately separated. Since ε s−2 = ε s−1 = −ε s we conclude that |gwg −1 | ≥ 2. Assume that X k−ε s is Seifert fibered. By Lemma 2.9 we have that and by Theorem 1.1 (ii) we conclude that t εs−1 (w s−1 f ℓ kε s w 1 )t −εs−1 ∈ π 1 (T εs ). It follows that |gwg −1 | ≥ 2 and thus gwg −1 ∈ π 1 (T ). Finally let ε s−1 = ε s and ε s−2 = −ε s . Since the form g = w 0 t ε1 w 1 · · · t εs w s is reduced, we deduce that w s−2 ∈ π 1 (X ′ ) π(T εs ). Now take w ∈ π 1 (T ); consider gwg −1 = (w0t ε 1 · · · t εs ws) w (w0t ε 1 · · · t εs ws)
The previous form is reduced unless w s ww where the last assertion follows from Lemma 2.9. Since w s−2 ∈ π 1 (X ′ ) π 1 (T εs ), we deduce from Theorem 1.1 that w s−2 ϕ εs (f ±ℓ k )w −1 s−2 ∈ π 1 (T ±1 ). Thus |gwg −1 | ≥ 2, which implies that gwg −1 ∈ π 1 (X) π 1 (T ).
